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I. Introduction

T O explore and extend the range of operationsof air-to-air mis-
siles, there have been studies in recent years with a completely

different concept. That is, launch the missile as usual from the air-
craft; however, the missile should be able to intercept a target in the
rear hemisphere.The best emerging answer to execute this task is to
use the aerodynamicsand thrust to turn aroundthe initial � ight-path
angle of zero to a � nal � ight-pathangle of 180 deg. (Every scenario
can be consideredas a subsetof this set of extremes in � ight-pathan-
gles.) In the design,as well as later phases of such a missile, there is
a need to developanalysis tools to provideminimum time solutions.
This problemfalls under a class called free � nal time1;2 problems in
calculus of variations (optimal control), which is dif� cult to solve.

Several authors have used neural networks to solve problems op-
timally associated with control of nonlinear systems. For surveys
of their works, see Hunt3 and White and Sofge.4 Almost all of the
studies listed in these references use four types of neurocontrol:
1) supervised control, 2) direct inverse control, 3) neural adaptive
control, and 4) backpropagation through time. A � fth and rarely
studied class of controller has the most interesting structure. It is
called an adaptive critic architecture.5¡8 Reasons for choosing this
structure for formulating the optimal control problems are that this
approachdoes not consist of external training as in some other con-
troller designs, this is not an open-loop optimal controller but a
feedback controller, and this approach preserves the same struc-
ture regardless of the problem (linear or nonlinear). Balakrishnan
and Biega5 have shown the usefulness of this architecture for in� -
nite time linear problems. In this study, we present a general neural
framework for the study of linear as well as nonlinear, � nite time
optimal control problems. Note that, in this study, we use computa-
tional adaptivecritics in the sense that we use the neural networks to
computeand embed optimal solutionswithout rami� cations to strict
reinforcement learning. The method discussed in this study deter-
mines an optimal control law for a system by successivelyadapting
two networks, an action network for which the inputs are the states
and the outputs are the values of control and a critic network, which
has the states as inputs and the costates as outputs. A useful feature
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of this approach is that the same networks can be used to output
optimal control for an entire range of initial conditions.

II. System Model and Optimal Control
Equations of motion for a missile in a vertical plane are pre-

sented in this section. The minimum-time optimization problem is
presented, the dif� culties are pointed out, and a reformulation is
made with the � ight-path angle as the independent variable.

The nondimensional equations of motion (for a point mass) in a
vertical plane are

M 0 D ¡Sw M 2CD ¡ sin ° C Tw cos ® (1)

° 0 D .1=M/
£
Sw M2CL C Tw sin ® ¡ cos °

¤
(2)

where prime denotes differentiation with respect to the nondimen-
sional time ¿ .

The nondimensionalparameters used in Eqs. (1) and (2) are

¿ D g=at; Tw D T=mg; Sw D ½a2S=2mg; M D V=a

In these equations, M is the � ight Mach number, ° the � ight-path
angle, ® the aerodynamic angle of attack, T the solid rocket thrust,
m the mass of the missile, S the reference aerodynamic area, V the
speed of the missile, CL the lift coef� cient, CD the drag coef� cient,
g the acceleration due to gravity, a the local speed of sound, ½ the
atmospheric density, and t the � ight time. Note that CD and CL are
functions of angle of attack and Mach number.

The objective of the minimization process is to � nd the control
(angle-of-attack) history to minimize the time taken by the missile
to reverse its � ight-path angle completely while the Mach number
changes from an envelope of initial Mach numbers to a given � nal
Mach number of 0.8.

Mathematically, this problem is stated as to � nd the control min-
imizing the cost function J :

J D
Z t f

0

dt (3)

with the constraints ° .0/ D 0 deg, M .0/ ´ given, ° .t f / D 180 deg,
and M.t f / D 0:8. No general solution for this problem exists that
can be used to generate optimal paths for � exible initial conditions.

We seek to provide such solutions using adaptive critic-based
neuralnetworks.To facilitatethe solutionusingneuralnetworks, the
equations of motion are reformulated with � ight-path angle as the
independentvariable.By doing so, we are able to obtaina � xed � nal
condition in the independent variable. The transformed dynamic
equations are

dM

d°
D

¡
¡Sw M2CD ¡ sin ° C Tw cos ®

¢
M

Sw M2CL ¡ cos° C Tw sin ®
(4)

dt

d°
D

aM

g
¡
Sw M2CL ¡ cos ° C Tw sin ®

¢ (5)

and the transformed cost function is

J D
Z ³

aM

g
¡
Sw M2CL cos ° C Tw sin ®

¢
´

d° (6)

with the limits on ° being 0 and ¼ rad.
In this study, the � nal velocity is treated as a hard constraint.

This means that the � ight-path angle and the velocity constraints
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are met exactly at the � nal point. We express the dynamics and
associated optimal control equations in a discrete form to use them
with discrete feedforward neural networks. The system equations
in a discrete form are

Mk C 1 D Mk C

¡
¡Sw M2

k CDk ¡ sin °k C Twk cos ®k

¢
Mk

Sw M2
k CLk ¡ cos °k C Twk sin ®k

¢ ±°k (7)

tk C 1 D tk C
aMk±°k

g
¡
Sw M2

k CLk ¡ cos °k C Twk sin ®k

¢ (8)

The correspondingHamiltonian equation (see Ref. 1) is

Hk D
aMk ¢ ±°k

g
¡
Sw M2

k CLk ¡ cos°k C Twk sin ®k

¢ C ¸k C 1

£

³
Mk C

¡
¡Sw M2

k CDk ¡ sin °k C Twk cos ®k

¢
Mk

Sw M 2
k CLk ¡ cos °k C Twk sin ®k

¢ ±°k

´

(9)

For convenience, let us de� ne an intermediate variable

denk D Sw MkCLk ¡ cos °k C Twk sin ®k

@denk

@®k
D Sw M 2

k

@CLk

@®k
C Twk cos ®k

@denk

@Mk
D 2Sw M2

k CLk C Sw M2
k

@CLk

@Mk

(10)

The costate equation is given in terms of denk as

@ Hk

@ Mk
D ¸k D

a ¢ ±°k

g ¢ denk
¡

aMk±°k

g ¢ denk2
¢ @ denk

@ Mk
C ¸k C 1 ¢ ±°k

£
¡
¡3Sw M2

k CDk ¡ Sw M 3
k .@CDk=@ Mk / ¡ sin °k C Twk cos ®k

¢

denk

C ¸k C 1 C ¸k C 1 ¢ ±°k

¡
Sw M 2

k CDk C sin °k ¡ Twk cos®k

¢
¢ Mk

denk2

£ @ denk

@ Mk

(11)

Note that there is no boundary condition on ¸ because M is given
at both ends.

Fig. 1 Mach number comparison.

Optimal control at each stage is obtained by setting the partial
derivative of the Hamiltonian with respect to control to be zero at
each stage. That is,

@ Hk

@®k

D 0

In an expanded form, this leads to

a

g
¢ @ denk

@®k

C ¸k C 1 ¢
³

Sw M2
k

@CDk

@®k

C Twk sin®k

´
¢ denk

C ¸k C 1

¡
¡Sw M2

k CDk ¡ sin ¸k C Twk cos ®k

¢
¢

@ denk

@®k
D 0

(12)

At everypointwe solveEq. (12) using the Newton–Raphsonmethod
(see Ref. 1).

III. Development of Neural Network Solutions
The neuralnetwork solutionsareobtainedbyusinga pairof action

and critic networks at each stage. At the last stage, the boundary
conditions are used to generate the action and critic networks. For
all of the lower stages until the � rst stage is reached, the immediate
upperlevelcritichelps in obtainingthe lower leveloptimalcontroller
(action) network.

Last Network
1) The � nal Mach number MN is � xed at 0.8. Set 1° . For ran-

dom values of MN ¡ 1 , calculate ®N ¡ 1 from the state propagation
equation.

2) Use the optimality condition, H®N ¡ 1.MN ¡ 1; ¸N ; ®N ¡ 1/ D 0,
where the subscript to H denotespartial differentiation,to solve for
appropriate ¸N .

3) From the costate propagation equation, calculate ¸N ¡ 1.
4) Train two neural networks: The ®N ¡ 1 network outputs ®N ¡ 1

for different values of MN ¡ 1 , and the ¸N ¡ 1 network outputs ¸N ¡ 1

for differentvaluesof MN ¡ 1 . We haveoptimal®N ¡ 1 and ¸N ¡ 1 now.

Other Networks
5) Assume different values of MN ¡ 2 and use a random neural

network (or initializedwith ®N ¡ 1 network) called ®N ¡ 2 network to
output ®N ¡ 2. Use MN ¡ 2 and ®N ¡ 2 to obtain MN ¡ 1. Input MN ¡ 1

to ¸N ¡ 1 network to get ¸N ¡ 1 . Use MN ¡ 2 and ¸N ¡ 1 in H®N ¡ 2 D 0
to solve for ®N ¡ 2. Use this ®N ¡ 2 to correct the network. Continue
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this process until the ®N ¡ 2 network converges.This ®N ¡ 2 network
yields optimal ®N ¡ 2.

6) Using random MN ¡ 2 in the ®N ¡ 2 network obtains optimal
®N ¡ 2. Use MN ¡ 2 and ®N ¡ 2 to obtain MN ¡ 1, and input to the ¸N ¡ 1

network to generate ¸N ¡ 1 . Use MN ¡ 2 , ®N ¡ 2, and ¸N ¡ 1 in the
costate equation to obtain optimal ¸N ¡ 2. Train the ¸N ¡ 2 network
with MN ¡ 2 as input. We have an ¸N ¡ 2 network that yields optimal
¸N ¡ 2.

7) Repeat steps 5 and 6 with K D N ¡ 1; N ¡ 2; : : : ; 0, until we
get ®0.
IV. Use of Networks in Real Time as Feedback Control

Start with any M0 within the trained range. Because of the gen-
eralization capabilities of neural networks, we could go beyond the
range to some extent. Use the ®0 neural network to � nd the optimal
®, and integrate until °1 for the ®1 network is reached; use the M1

Fig. 2 Angle-of-attack comparison.

Fig. 3 Neural network solutions for various initial conditions.

values to � nd ®1 from the ®1 neural network, and integrate until °2

is reached, and so on, until ° f is reached.
Note that the forward integration is done in terms of time [which

is availableas an incidentalvariableas a functionof � ight-pathangle
in Eq. (8)]. As a result, even though the network synthesis is done
of� ine, the control is a feedback process based on current states.

V. Numerical Results
In this section, we present representative numerical results from

the synthesis of the optimal control by using adaptive critic-based
neural networks.

Tables of aerodynamic data of CL and CD variations with Mach
number and angleof attackwere providedby the U.S. Air Force. All
of the networks in this study are feedforward networks; each has a
three-layered structure with the � rst layer being a tangent sigmoid,
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the second layer a log sigmoid, and the third layer a linear network.
They have nine neurons at each layer. The training method used in
this study is Levenberg–Marquardt backpropagation method (see
Ref. 4).

To demonstrate the optimality of the solutions resulting from the
neural networks, we obtained optimal solutions to this minimum
time problem using a shooting method1 for one set of initial con-
ditions. Flight Mach number histories from a shooting method, la-
beled two-point boundary value problem (TPBVP), and the neural
networks are presented in Fig. 1. They are almost coincident show-
ing that the neural solutionsobtainedwith the cascadeof controllers
are (near) optimal. The initial Mach number for this selective ex-
ample is 0.8. The associated angle-of-attack (control) histories are
presented in Fig. 2. For most of the � ight they are the same for both
neural networks and the shooting method. The differences can be
accountedfor by the fact that the shootingmethod uses severalmore
control steps than the 37 steps with neural networks.Although these
plots establish the (near) optimality of the neurosolutions, the real
advantage in using the adaptive critic approach is demonstrated in
Fig. 3. For each trajectory with initial Mach number varying from
0.6 to 0.8, the � nal Mach number is 0.8. That is, the same cascade
of neurocontollers is used to generate optimal control for an enve-
lope of initial conditions.For all of the trajectories, the thrust pro� le
was assumed to be constant. We carried out further numerical ex-
periments to test the robustness of the controllers. We removed six
controllers in the mid-� ight-path region (which meant that some of
the controls are held constant for longer periods) and plotted the
missile trajectory. Even though the trajectory is less optimal, the
lesser network con� guration still delivers the missile to the exact
� nal Mach number of 0.8.

Another advantage/� exibility of using these network controllers
is that we can vary the initial � ight-path angles for various Mach
numbers. In these cases, all that is required to generate the opti-
mal control to meet the � nal condition is to start from the network
indexedwith the initial � ight-pathangleandproceedto thenextcon-
trollers as the � ight-path angles changes. This is true by Bellman’s
principleof optimality (see Ref. 1), which states that, on an optimal
path, trajectory from any intermediatestage to � nal stage is optimal
for the given cost function.

VI. Conclusions
An adaptive critic-based neural network solution for a free � nal

time problem associated with agile missile control has been devel-
oped. To our knowledge, there has been no other tool (other than
dynamic programming) that providessuch solutions.Also, the com-
putational effort associated with the adaptive critic-based solutions
is not prohibitive.This computationaltechniqueis fairlygeneraland
applicable to a wide variety of problems.
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I. Introduction

A IR-LAUNCHED uncrewed air vehicles (UAVs) are often re-
leased with their wings folded to achieve clear and safe

separation.The wings are deployed only when the UAV is required
to begin a signi� cant glide slope maneuver (see URL: http//
vectorsite.tripod.com/avbomb9.html and URL: http//www.imi-
israel.com). The ensuing abrupt change in aerodynamic forces and
moments cause signi� cant disturbances and result in a jump of the
aerodynamiccoef� cients, thus leading to a transient in the angle of
attack, which should be minimized to avoid loss of stability.

Note that the roll control problemalso presents a challengedue to
possible � ow asymmetries that occur during the wing deployment
transition period, resulting in large roll angle transients.

In the present Note, the focus is on the pitch control problem,
where it is assumed that wing deployment is fast enough to as-
sure that the system may be described by either wings-folded or
wings-unfoldeddynamics.This assumptionstems from that speedy
deployment mechanisms, able to complete their operation within
0:05¡0:3 s, are relatively low cost and simple to implement, for
example, by a pneumatic piston. Slow deployment requires an ap-
propriate servomechanism to achieve a smoothly controlled wing
unfolding process. To avoid system complexity and the higher cost
of such a servomechanism, a rapid wing deployment mechanism
is preferred. Because the 0:05¡0:3 s wing deployment time is of
the same order of magnitude as the aerodynamic short period, no
intermediatewing positionsneed to be consideredduring the design
process. Both force and moment coef� cients are assumed, for de-
sign purposes, to undergoa jump at the instant of wing deployment,
with the jump value dependingon the instantaneousangle of attack.
The angle of attackminimizing the lift during the jump phasediffers
from the one minimizing the pitch moment at the jump instant, and
a compromise angle of attack of 0 deg is, therefore, chosen as the
angle of attack for wing opening.

The UAV underconsiderationis equippedwith a pitch rate sensor,
a normal force accelerometer, and an angle-of-attack sensor. It is
also equipped with a potentiometer indicating wing position. The
zero-angle-of-attackdesign goal may also be interpreted as a 0-g
requirement, thereby motivating the design of a 0-g commanded
acceleration loop.

The aim of this Note is to present the design of a pitch accelera-
tion loop whose task it is to minimize the possiblyharmful effectsof
wing deployment. One possible approach involves embedding the
plant into a convex polytope,1 whose vertices contain the dynamic
descriptions of the folded and unfolded wing aerodynamics,
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